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To implement fault-tolerant quantum computation with continuous variables, Gottesman–Kitaev–Preskill
(GKP) qubits have been recognized as an important technological element. However, the analog outcome of
GKP qubits, which includes beneficial information to improve the error tolerance, has been wasted, because
the GKP qubits have been treated as only discrete variables. In this letter, we propose a hybrid quantum error
correction approach that combines digital information with the analog information of the GKP qubits using
a maximum-likelihood method. As an example, we demonstrate that the three-qubit bit-flip code can correct
double errors, whereas the conventional method based on majority voting on the binary measurement outcome
can correct only a single error. As another example, we show that a concatenated code known as Knill’sC4/C6
code can achieve the hashing bound for the quantum capacity of the Gaussian quantum channel (GQC). To the
best of our knowledge, this approach is the first attempt to draw both digital and analog information to improve
quantum error correction performance and achieve the hashing bound for the quantum capacity of the GQC.
Quantum computation (QC) has a great deal of poten-
tial [1, 2]. Although small-scale quantum circuits with various
qubits have been demonstrated [3, 4], a large-scale quantum
circuit that requires scalable entangled states is still a signifi-
cant experimental challenge for most candidates of qubits. In
continuous variable (CV) QC, squeezed vacuum (SV) states
with the optical setting have shown great potential to gener-
ate scalable entangled states because the entanglement is gen-
erated by only beam splitter (BS) coupling between two SV
states [5]. However, scalable computation with SV states has
been shown to be difficult to achieve because of the accumu-
lation of errors during the QC process, even though the states
are created with perfect experimental apparatus [6]. There-
fore, fault-tolerant (FT) protection from noise is required that
uses the quantum error correcting code. Because noise ac-
cumulation originates from the “continuous” nature of the
CVQC, it can be circumvented by encoding CVs into digi-
tized variables using an appropriate code, such as Gottesman–
Kitaev–Preskill (GKP) code [7], which are referred to as GKP
qubits in this letter. Menicucci showed that CV-FTQC is pos-
sible within the framework of measurement-based QC using
SV states with GKP qubits [6]. Moreover, GKP qubits keep
the advantage of SV states on optical implementation that they
can be entangled by only BS coupling. Hence, GKP qubits of-
fer a promising element for the implementation of CV-FTQC.
To be practical, the squeezing level required for FTQC
should be experimentally achievable. Unfortunately,
Menicucci’s scheme still requires a 14.8 dB squeezing level
to achieve the FT threshold 2× 10−2 [8–10]. Thus, another
twist is necessary to reduce the required squeezing level. It is
analog information contained in the GKP qubit that has been
overlooked. The effect of noise on CV states is observed as a
deviation in an analog measurement outcome, which includes
beneficial information for quantum error correction (QEC).
Despite this, the analog information from the GKP qubit has
been wasted because the GKP qubit has been treated as only a
discrete variable (DV) qubit, for which the measurement out-
comes are described by bits. Harnessing the wasted informa-
tion for the QEC will improve the error tolerance compared
with using the conventional method based on only bit infor-
mation. Such a use of analog information has been developed
in classical error correction against the disturbance such as an
additive white Gaussian noise [11] and identified as an im-
portant tool for qubit readout [12, 13]. However, the use of
analog information has been left unexploited to improve the
QEC performance [14].
In this letter, we propose a maximum-likelihood method
(MLM) using the analog outcome and demonstrate the ad-
vantage of our scheme using numerical simulations for two
remarkable examples. First, we show that the three-qubit bit-
flip code can correct double bit-flip errors effectively using
our method, in contrast to the conventional method that uses
DV information that can correct only a single error. Sec-
ond, we show that the concatenated code with Calderbank–
Shor–Steane codes, particularly the C4/C6 code proposed by
Knill [8], can achieve the hashing bound for the quantum ca-
pacity of the Gaussian quantum channel (GQC) [7, 15], which
implies that our technique improves the GKP qubit into one of
the optimal encoded states against the disturbance in the GQC.
The GKP qubit.—We review the GKP qubit and error
model considered in this letter. Gottesman, Kitaev, and
Preskill proposed a method to encode a qubit in an oscilla-
tor’s q (position) and p (momentum) quadratures to correct
errors caused by a small deviation in the q and p quadratures.
The basis of the GKP qubit is composed of a series of Gaus-
sian peaks of width σ and separation
√
pi embedded in a larger
Gaussian envelope of width 1/σ . Although in the case of infi-
nite squeezing (σ → 0) the GKP qubit bases become orthogo-
nal, in the case of finite squeezing, the approximate code states
are not orthogonal and there is a probability of misidentifying
|0˜〉 as |1˜〉, and vice versa. Provided the measured magnitude
deviates less than
√
pi/2 from the peak value, the decision of
the bit value from the measurement of the GKP qubit is cor-
rect. The probability pcorr that we identify the correct bit value
is the portion of a normalized Gaussian of a variance σ2 that
2FIG. 1. Introduction of a likelihood function. (a) Measurement out-
come and deviation from the peak value in q quadrature. The dotted
line shows the measurement outcome qm equal to (2t+ k)
√
pi +∆m
(t = 0,±1,±2, · · · , k = 0,1), where k is defined as the bit value that
minimizes the deviation ∆m. The red areas indicate the area that
yields code word (k+ 1) mod 2, whereas the white area denotes
the area that yields the codeword k. (b) and (c) Gaussian distribu-
tion functions as likelihood functions of the true deviation value ∆
represented by the arrows. (b) refers to the case of the correct deci-
sion, where the amplitude of the true deviation value is |∆|<√pi/2,
whereas (c) the case of the incorrect decision
√
pi/2< |∆|<√pi .
lies between −√pi/2 and√pi/2 [6]:
pcorr =
∫ √pi
2
−√pi
2
dx
1√
2piσ2
exp(−x2/2σ2). (1)
In addition to the imperfection that originates from the finite
squeezing of the initial states, we consider the GQC [7, 15],
which leads to a displacement in the quadrature during the QC
process. The channel is described by superoperator ζ acting
on density operator ρ as follows:
ρ → ζ (ρ) = 1
piξ 2
∫
d2αe−|α |
2/ξ 2D(α)ρD(α)†, (2)
where D(α) is a displacement operator in the phase space.
The position q and momentum p are displaced independently
as follows:
q→ q+ v, p→ p+ u, (3)
where v and u are real Gaussian random variables with mean
zero and variance ξ 2. Therefore, the GQC conserves the posi-
tion of the Gaussian peaks in the probability density function
on the measurement outcome of the GKP qubit, but increases
the variance as ξ 2.
Likelihood function.—We make a decision on the bit value
k(= 0,1) from the measurement outcome of the GKP qubit
qm = qk+∆m to minimize the deviation |∆m|, where qk(k =
0,1) is defined as (2t+ k)
√
pi(t = 0,±1,±2, · · · .), shown in
Fig.1(a). If we consider only digital information k, as in con-
ventional QEC, we waste the analog information contained in
∆m.
Instead, we propose a likelihood method to improve our de-
cision for the QEC using analog information. We define the
true deviation |∆¯| as the difference between the measurement
outcome and true peak value q¯k, that is, |∆¯| = |q¯k− qm|. We
consider the following two possible events: one is the correct
decision, where the true deviation value |∆| is less than√pi/2
and equals to |∆m| as shown in Fig.1(b). The other is the in-
correct decision, where |∆| is greater than √pi/2 and satisfies
|∆¯|+ |∆m|=
√
pi , as shown in Fig.1(c). Because the true devi-
ation value obeys the Gaussian distribution function f (∆), we
can evaluate the probabilities of the two events by
f (∆) =
1√
2piσ2
e−∆
2
/(2σ2). (4)
In our method, we regard function f (∆) as a likelihood func-
tion. Using this function, the likelihood of the correct deci-
sion is calculated by f (∆) = f (∆m). The likelihood of the
incorrect decision, whose |∆| is √pi − |∆m|, is calculated by
f (∆) = f (
√
pi − |∆m|). We can reduce the decision error on
the entire code word by considering the likelihood of the joint
event and choosing the most likely candidate.
Bit–flip code with analog information.—To provide an in-
sight into our method, we focus on the three-qubit bit-flip
code as a simple example. In this code, a single logical qubit
|ψ˜〉L=α |0˜〉L+β |1˜〉L, where |α|2+ |β |2 = 1, is encoded into
three GKP qubits. The two logical basis states |0˜〉L and |1˜〉L
are defined as |0˜〉L = |0˜〉1 |0˜〉2 |0˜〉3 and |1˜〉L = |1˜〉1 |1˜〉2 |1˜〉3,
respectively.
In the QECwith the three-qubit bit-flip code, the error iden-
tification for the GKP qubits is substantially different from
that for DV-QEC. While the parity of the code qubits is tran-
scribed on the ancilla qubit in DV-QEC, the deviation of the
physical GKP qubits is projected onto the deviation of the
ancillae (see the supplementary information for the details).
From the measurement of the three ancillae in q quadra-
ture, we obtain the outcome qm,Ai = q0 + ∆m,Ai (i = 1, 2)
from ancillae 1 and 2, and qm,A3 = qk + ∆m,A3 (k = 0, 1)
from ancilla 3, under the conditions ∆m,Ai ∈ [−
√
pi,
√
pi] and
∆m,A3 ∈ [−
√
pi/2,
√
pi/2]. We then define the values δ1 =
∆m,A1− ∆m,A2 + ∆m,A3 and δ2 = ∆m,A2− ∆m,A3. For i = 1,
2, if δi ∈ [−
√
pi ,
√
pi], then we define the values Mi=δi. Oth-
erwise, if δi ∈ [
√
pi,2
√
pi], we define the valuesMi=δi−2
√
pi ,
and if δi ∈ [−2
√
pi,−√pi], we define the valuesMi= 2
√
pi+δi.
Error identification is executed fromM1 andM2 as follows. If
both |M1| and |M2| are smaller than
√
pi/2, we decide that
no error occurs on the logical qubits. Otherwise, we con-
sider two error patterns: one containing a single error, and
the other containing double errors. For the first pattern, we
presume that the true deviation values ∆i (i = 1, 2) and ∆3
of the qubits in the logical qubit are Mi and ∆m,A3, respec-
tively. Then, the likelihood of the first pattern F1 is given
by F1 = f (M1) f (M2) f (∆m,A3). For the second pattern, if
Mi ∈ [0,
√
pi], we presume that ∆i is Mi
∗ = Mi−
√
pi , and if
Mi ∈ [−
√
pi ,0], we presume that ∆i is Mi
∗ = Mi +
√
pi . If
∆m,A3 ∈ [0,
√
pi/2], we presume∆3 to be ∆
∗
m,A3 =∆m,A3−
√
pi ,
3FIG. 2. Simulation results for the failure probabilities of the three-
qubit bit-flip code using the conventional (blue line with open circles)
and proposed methods (red line with filled circles).
and if ∆m,A3 ∈ [−
√
pi/2,0], we presume that ∆3 is ∆
∗
m,A3 =
∆m,A3+
√
pi . Then, the likelihood of the second pattern F2 is
given by F2 = f (M1
∗) f (M2∗) f (∆∗m,A3). Hence, we can use
the likelihood functions f (|∆m|) and f (
√
pi − |∆m|) to com-
pare the two error patterns and decide the more likely pattern.
For example, if M1 is in the range [
√
pi/2,
√
pi ], and both M2
and ∆m,A3 are in the range [0,
√
pi/2], we consider the first er-
ror pattern as a single error on qubit 1 of the logical qubit and
the second error pattern as double errors on qubits 2 and 3. If
F1 > F2, we decide that the first error pattern occurs, and vice
versa. In error identification, the likelihood that |∆i| is greater
than
√
pi is not taken into account because it is always less
than
√
pi provided |∆i| is less than
√
pi . In the conventional
manner, based on majority voting with binary measurement
outcomes, the first error pattern is invariably selected because
an estimation using only digital information yields a larger
probability for a single error than that for double errors.
We numerically simulated the QEC for the three-qubit bit-
flip code using the Monte Carlo method. In this simulation, it
is assumed that the encoded data qubit is prepared perfectly,
that is, the initial variances of the data qubit and ancillae are
zero, and the variances of the GKP qubits of the encoded data
qubit increase independently in the GQC. These assumptions
are set to allow a clear comparison between the conventional
and proposed methods. In Fig.2, the failure probabilities of
the QEC are plotted as a function of the standard deviation of
the data qubit after the GQC. The failure occurs when the as-
sumed error pattern is incorrect. The results confirm that our
method suppresses errors more effectively than the conven-
tional method that uses only digital information. To obtain
a failure probability less than 10−9, the standard deviation
should be less than 0.25 for the proposed method, whereas
it needs to be less than 0.21 for the conventional method,
which corresponds to the squeezing level of 9.0 dB and 10.6
dB, respectively. This improvement comes from the fact, as
mentioned before, that our method can correct double errors,
whereas the conventional method corrects only a single error.
Concatenated code with analog information.—In the fol-
lowing, we demonstrate that the proposed likelihood method
improves the error tolerance on a concatenated code, which is
indispensable for achieving FTQC. The use of a MLM for a
concatenated code was proposed with a message-passing al-
gorithm by Poulin [16], and later Goto and Uchikawa [17] for
Knill’s C4/C6 code [8]. However, because previous propos-
als have been based on the probability of the correct decision
given by Eq. (1), the error correction provides a suboptimal
performance against the GQC, as shown later using a numeri-
cal calculation.
We apply our method to the C4/C6 code modified
with a message-passing algorithm proposed by Goto and
Uchikawa [17]. The QEC in theC4/C6 code is based on quan-
tum teleportation, where the logical qubit |ψ˜〉L encoded by
the C4/C6 code is teleported to the fresh encoded Bell state.
The quantum teleportation process refers to the outcome of
the Bell measurement on the encoded qubits and determines
the amount of displacement. If this feedforward is performed
correctly, the error is successfully corrected. From Bell mea-
surement, we obtain the outcomes of both bit values and devi-
ation values for the physical GKP qubits of the encoded data
qubit and encoded qubit of the encoded Bell state. Therefore,
we can improve the error tolerance of the code by introduc-
ing the likelihood method to the Bell measurement (see the
supplementary information for the details).
We simulated the quantum teleportation process for the
C4/C6 code with the conventional [17] and proposed method
using the Monte Carlo method. In this simulation, it is as-
sumed that the encoded data qubit and encoded Bell state
are prepared perfectly, and the variance of the GKP qubits
of the encoded data qubit σ2 increases only by the GQC. In
Fig.3, the failure probabilities up to level-5 of the concate-
nation are plotted as a function of the data qubit’s deviation.
The results confirm that our method suppresses errors more
effectively than the conventional method. It is also remark-
able that our method achieves the hashing bound of the stan-
dard deviation for the quantum capacity of the GQC ∼ 0.607,
which corresponds to the squeezing level of 1.3 dB and has
been conjectured to be an attainable value using the optimal
method [7, 15]. The quantum capacity is defined as the supre-
mum of all achievable rates at which quantum information
can be transmitted over the quantum channel and the hash-
ing bound of the standard deviation is the maximum value of
the condition that yields the non-zero positive quantum capac-
ity. By contrast, the concatenated code with only digital infor-
mation achieves the hashing bound ∼ 0.555 [7, 15], which
corresponds to the squeezing level of 2.1 dB. This fact shows
our method can lead to reduce the squeezing level required for
FTQC.
Conclusion.—We proposed a MLM which used not only
digital information but also analog information for an efficient
QEC based on GKP qubits. Numerical results showed our
method improved the QEC performance for the three-qubit
bit-flip code and concatenated codes. In particular, we provide
the first method to achieve the hashing bound for the quantum
capacity of the GQC.
Furthermore, our method can be also applied to various
other codes [18–22]. Therefore, the squeezing level required
for FTQC with a non-concatenated code such as surface code
which is used to implement topological QC [18, 19] can be
4FIG. 3. Simulation results for the failure probabilities of the C4/C6
code using the conventional and proposed method. The failure prob-
abilities using the conventional method (blue line) and proposed
method (red line) are represented for the concatenated level-1 (solid),
level-2 (dashed ), level-3 (dashed-dotted), level-4 (open circles), and
level-5 (filled circles).
reduced using our method [23].
Although several methods to implement GKP qubits have
been proposed [24–30] and the achievable squeezing level of
a SV state is 15 dB [31], it is still difficult to experimentally
generate GKP qubits with the squeezing level required for
FTQC [32]. Our method can alleviate this requirement, and
will encourage experimental developments.
This work was funded by ImPACT Program of Council for
Science, Technology and Innovation.
APPENDIX A: THREE-QUBIT BIT-FLIP CODE
In this section, we explain how the deviation of the physi-
cal GKP qubits is projected onto the deviation of the ancillae.
Fig.4 shows a quantum circuit for the QEC with the three-
qubit bit-flip code. This circuit looks almost the same as the
circuit for DV apart from the third ancilla qubit. However,
the error identification for the GKP qubits is substantially dif-
ferent from that for DV-QEC. In this circuit, the sum of de-
viations of the physical GKP qubits i and i+ 1 (i = 1,2) are
projected onto the ancilla i. The deviation of the physical GKP
qubit 3 is projected onto ancilla 3. First, a single logical qubit
|ψ˜〉L is prepared by two controlled-not (CNOT) gates acting
on the data qubit |ψ˜〉1 = α |0˜〉1 +β |1˜〉1 and two ancillae |0˜〉i (
i = 2, 3). The CNOT gate, which corresponds to the operator
exp(-iqˆL pˆA), transforms
qˆL → qˆL, pˆL → pˆL− pˆA,
qˆA → qˆA+ qˆL, pˆA → pˆA, (A1)
where qˆL (qˆA) and pˆL ( pˆA) are the q and p quadrature op-
erators of the logical (ancilla) qubit, respectively. Then, the
GQC displaces the q and p quadratures randomly and inde-
pendently, and increases the variance of the three physical
GKP qubits. After the GQC, the bit-flip error correction is im-
plemented using the three ancillae |0˜〉A j ( j=1, 2) and |+˜〉A3.
FIG. 4. A quantum circuit of the QEC for the three-qubit bit-flip
code with GKP qubits using the proposed method. The data qubit
|ψ˜〉1 and two GKP qubits |0˜〉2 and |0˜〉3 encode a single logical qubit.
|0˜〉A1 , |0˜〉A2 ,and |+˜〉A3 denote ancilla qubits for the QEC. The GQC
and Mq denote the GQC and measurements of ancillae in q quadra-
ture, respectively.
Before the CNOT gates in the error correction circuit, the true
deviation values of the physical GKP qubits and ancillae in q
quadrature, which obey Gaussian distribution with mean zero,
are denoted by ∆ j and ∆A j ( j=1, 2, 3), respectively. For sim-
plicity, because the ancilla qubits are fresh, we assume that
the initial variance is much smaller than that of the physical
qubits of the logical qubit. Then, the CNOT gates change the
true deviation values of three ancillae ∆A j in q quadrature as
follows:
∆A1 → ∆A1+∆1+∆2 = ∆1+∆2 ,
∆A2 → ∆A2+∆2+∆3 = ∆2+∆3 ,
∆A3 → ∆A3+∆3 = ∆3. (A2)
Therefore, the sum of deviations of the physical GKP qubits i
and i+1 (i= 1,2) are projected onto the ancilla i. The devia-
tion of physical GKP qubit 3 is projected onto ancilla 3.
APPENDIX B: C4/C6 CODE
The error correction in the C4/C6 code is based on quan-
tum teleportation, where the logical qubit |ψ˜〉L encoded by
the C4/C6 code is teleported to the fresh encoded Bell state,
as shown in Fig.5. The quantum teleportation process refers to
the outcomesMp and Mq of the Bell measurement on the en-
coded qubits, and determines the amount of displacement. We
obtain the Bell measurement outcomes of bit values mpi and
mqi for the i-th physical GKP qubit of the encoded data qubit
and encoded qubit of the encoded Bell state, respectively. In
addition to bit values, we also obtain deviation values ∆pmi
and ∆qmi for the i-th physical GKP qubit. Therefore, the pro-
posed likelihood method can improve the error tolerance of
the Bell measurement.
As a simple example to explain our method for the Bell
measurement, we describe the level-1C4/C6 code, that is, the
C4 code. TheC4 code is the [[4,2,2]] code and consists of four
5physical GKP qubits to encode a level-1 qubit pair; thus, it is
not the error-correcting code but the error-detecting code in
the conventional method. The logical bit value of the C4 code
is k (=0,1) when the bit value of the level-1 qubit pair is (k,0)
or (k,1), that is, the bit value of the first qubit k defines a log-
ical bit value of a qubit pair. As the parity check of the Z op-
erator for the first and second qubits ZIZI and IIZZ indicates,
the bit value of the level-1 qubit pair (0,0) corresponds to the
bit value of the physical GKP qubits (mq1,mq2,mq3,mq4) =
(0,0,0,0) or (1,1,1,1) [8]. The bit values of the pairs (0,1),
(1,0), and (1,1) correspond to the bit values of the physical
GKP qubits (0,1,0,1) or (1,0,1,0), (0,0,1,1) or (1,1,0,0), and
(0,1,1,0) or (1,0,0,1), respectively. Therefore, if the measure-
ment outcome of the physical GKP qubits is (0,0,1,0) for the
Z basis, then we consider two error patterns, assuming the
level-1 qubit pair (0,0). The first pattern is a single error on
the physical qubit 3 and the second pattern is the triple errors
on the physical qubits 1, 2, and 4. We then calculate the like-
lihood for the level-1 qubit pair (0,0) F0,0 as
F0,0 = f (
√
pi−|∆qm1|) f (
√
pi−|∆qm2|) f (∆qm3) f (
√
pi−|∆qm4|)+ f (∆qm1) f (∆qm2) f (
√
pi−|∆qm3|) f (∆qm4). (B1)
We similarly calculate the F0,1,F1,0, and F1,1 likelihood for
the bit value of qubit pairs (0,1), (1,0), and (1,1). Finally,
we determine the level-1 logical bit value for the Z basis by
comparing F0,0+F0,1 with F1,0+F1,1, which refer to the like-
lihood functions for the logical bit values zero and one, re-
spectively. If F0,0+F0,1 > F1,0+F1,1, then we determine that
the level-1 logical bit value for the Z basis is zero, and vice
versa. The level-1 logical bit value for the X basis can be de-
termined by the parity check of the X operator for the first and
second qubits XXII and IXIX in a similar manner. In the con-
ventional likelihood method [16, 17] F0,0, F0,1, F1,0, and F1,1
are given by the same joint probability
p3corr(1− pcorr)+ pcorr(1− pcorr)3, (B2)
where the probability pcorr is defined by Eq. (1) in the main
text. Because F0,0+F0,1 = F1,0+F1,1, theC4 code is not error-
correcting code but error-detecting code in the conventional
method, whereas it is the error-correcting code in our method.
For higher levels of concatenation, the likelihood for the level-
l (l ≧ 2) bit value can be calculated by the likelihood for the
level-(l− 1) bit value in a similar manner.
FIG. 5. Error correction by quantum teleportation. The encoded data
qubit |ψ˜〉L, two encoded qubits |+˜〉L, and |0˜〉L are encoded byC4/C6
code. GQC and MLD denote the GQC and a maximum-likelihood
decision, respectively.
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